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SUMARY 



An analysis is made of the stability of an airplane 
with aileron- free, with particular attention to the 
motions when the ailerons have a tendency to float against 
the wind. The present analysis supersedes the aileron 
investigation contained in NACA Report No. 709. The 
equations of motion are first written 'to include yawing 
and sidcslioping, and it is demonstrated that the' princi- 
pal effects of freeing the ailerons can be determined 
without regard to these motions. If the ailerons tend 
to float against the wind and have a high degree of 
aerodynamic balance, rolling oscillations, in addition 
to the normal lateral oscillations, are likely to occur. 
On the basis of the equations including only the rolling 
motion and the aileron deflection, formulas ^Te derived 
for the stability and damping of the rolling oscillations 
in terms of the hinge-moment derivatives and other char- 
acteristics of the ailerons and airplane. Charts are 
also presented showing the oscillatory regions and sta- 
bility boundaries for a fictitious airplane of conventional 
proportions. The effects of friction in the control 
system are investigated and discussed. 

If the ailerons tend to trail with the wind, the con- 
dition for stable variation of stick force with aileron 
deflection is found to determine the am.ount of aerodynamic 
balance that m.ay be used. If the ailerons tend to float 
against the wind, the period and damolng of the rolling 
oscillations are found to be satisfactory (in a mass- 
balanced system.) so long as the restoring moment is not 
completely balanced out. Unbalanced mass behind the 
hinge, however, has an unfavorable effect on the damping 
of the oscillations and so shifts the boundary that close 
aerodynamic balance m.ay not bo attainable. It is found 
that friction may retard som.e:what the damping of the 
aileron-free oscillations but in no case causes undam.ped 
oscillations if the ailerons are otherwise stable. 
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INTRODUCTION 



The problem of the st-'^.bility of an airplane v;ith 
ailerons free has been treated in reference 1 as an ad- 
junct to the iiivestigation af elevator- and rudder-free 
motions. More recent developments in aileron design 
have led to an increased interest in the possible effects 
of positive floating tendency, that is, a tendency for 
the ailerons to move downward as the angle of attack is 
increased* Oscillations observed in flirht have been 
thought to arise from this condition and have suggested 
the present more thorough investigation , in which particiaar 
attention is given to the motions vvhen the floating 
tendency is positive. The present analysis is intended 
to supersede oom.pletely the aileron investigation of ref- 
erence 1. 

In the present analysis the equations of motion are 
first written to include all lateral degrees of freedom.— 
sideslipping, yawing, and rolling ^ and movem.ent of the 
ailerons. A numerical examiple is then used to show 
that the important inform.ation concerning the m.otions can 
be obtained by investigation of the rolling and aileron 
motions alone, although a somewhat modified interpreta- 
tion of the results may be indicated. Because most 
ailerons are mass-balanced about the hinge axis to avoid 
flutter, the m^ass-moment parameter representing the effect 
of rolling acceleration on the aileron position is also 
omitted fromi the bulk of the analysis. \nth - these 
simplifications it then becom.es possible to derive, in 
terms of the remaining aileron and airolane characteris- 
tics, general form.ulas for the rate of damping of the 
oscillations, where oscillations exist, and equations 
expressing the conditions for stability. The hinge- 
moment characteristics of the ailerons will be considered 
the principal variables. 

Charts will be presented to show numerical results 
In certain cases. In these examiplos the effects of the 
mass characteristics of the ailerons, which cannot 
readily be expressed in general formulas, will be investi- 
gated, A discussion of the effect of friction in the 
control system will also be included. 



SYMBOLS 

Airplane chai ao teri s ti cs : 
ri mas 3 of airplane 

k radius of gyration of airplane about airolane 
X-axis 

k radius of gyration of airplane about airT:>lane 

^ Z-axis 

b wing span 

c mean '-"/ing chord 

S wing area 

A v/ing aspect ratio (b'^/s) 

A v-ing dihedral, radians 

Aileron charac teri sties t 

mass of aileron system. 

01 L-uVj radiu^j of ^'yj..xiio' ' il^rc. 3;;3u.; u c."';out 
iimge axis 

X distance from, aileron center of gravity to hinge 

axis (positive when center of gravity is behind 
hinge) 

y distance from^ aileron center of gravity to plane 

of sym.m.etry of airplane 

y spanwise distance used in comiputing Cy^ to include 

the effect of rolling; thus, zz J±£^' 

b^ span of ailerons 

c"g^ root-m.ean-square aileron chord 
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ols uned In describing motions -«iglr=i3 ars in 

ans ) : 

acceleration of gravitj^ 
danaity of air 



s t e a d y - f 1 i g h t c p e e d 
di^^tanco a?, on;^ flight path. 

distance along flight path traversed during one 



o 3 c i 1 1 a t i on , s e mi s pans 




sideslip velocity (positive to right) 
angle of attack of wing 

effective angle of att^ick due to flap d.'^flecticn 

angle of sideslip (positive v/hen sideslipping to 
right 5) 

angle of i-a.\\' (positive when nose turns to right) 

angle of roll (po^^ttive vvlien right wing is down) 

total an.;;;le of ai].o"v;:n d-:^! lect.l on ('^o^itive with 
right wing down) 

rolling velocity (dj^/dt) 

yaw i ng ve 1 o c i t y ( d /d t ) 

side force (r^ositivo to right) 

yawing nioi.iont 

rolling moment in rolling-nioment coefficient; lift 
in lift coefficient 

hinge u-omont 
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Nondimensional quantities: 

rn . ^ 

[i - a-* rplane density parameter 



T = 



TTT (tt; airplane n:oTr.ent of inertia about X-sjci 



T = 



airplane moment of inertia about Z-axi 

2 



aileron rt:ompnt of inertia about lilnfT^ 
is 



- ''Zr3 — mass-moment parameter, hinge axis (v.on 



qcr, bg dimensional expression for effect of 

'nertia of aileron system in causing 
aileron deflection when airplane is"" 
accelerated in roll. ) For ailerons 
alone , 

. 



6D"y< b/^ b/2 

ratio of flap chord to airfoil chord at a given 
section 

^ - ^ h/P r] 

D ^±LEl J±. differential o^:erator. Tn 

/ s \ V dt 

VV^j particular, D,^ ^ ^ 

K root of stability equation 

-a real part of ^, proportional to rate of dam.ning 

of mxOtions 

n magnitude of imaginary part of nrooortional 

to frequency of oscillations 
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Cj^ yawing -moment coefficient 



/ N > 
VqSby 



C rolling-moment coeff 



ficient /-=M 



C J., hi n>.3 e - x-norrien t coefficient 



T.T 



lift coefficient 



(^qc 



a ^ay 



Cy side-force coefficient /•-'■ 



Subscripts attached to nioment coefficients indicate 
the partial derivative of the coefficient v;lth respect 
to the quantity denoted by the subscript. In particular, 
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G-^ = hinge-moment coefficient due to unit aileron 

S ^5 deflection, or restoring tendency • Re- 

storing tendency is positive v;hen surface 
is overbalanced 

C. - -r — hinge-moment coefficient due to ^onit change 
a ^'^ in local angle of attack, or floating 

tendency. Floating tendency is positive 
when sui'f ace floats .against the relative 
v\7ind 

= - hinge-mom.ent coefficient due to anit rate 
^^'5 of deflection of ailerons (generally the 

aerodynamic damping, but m»ay include 
viscous friction in the control system.) 

= T— - rolling m.oment due to unit aileron deflec- 
5 ^ ^ tion, or effectiveness of the ailerons .in 

producing roll 
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J. 



part of additional lift due to anf;;ular velocity 
of flap caused by acceleration of potential 



flow f -Ti of reference 2) 



part of additional lift due to angular velocit;^ 
'b of flap caused by effective Increase in 

camber f—H of reference 2) 
V21T / 



'00 



h 



oart of hinge moment due to an^cular velocity of 
^ /A fl^^P caused by acceleration of potential flow 



, v;here Ti and T-,. are given in 



I % 11 
reference 



part of hinge rr.oment due to angular velocity of 



ypD6/ , flap caused by effective incx'ease in camber 

where and are ^;iven in 



/rr rp 

11 12 



reference 2 

The variable D";?f is held constant in talcing th^ 
partial derivative with resoect to 6 or D5 , which is 
equivalent to holding a constant. 

The I'ollowln,^; s;ymbols are adopted becau."3e of com;mon 
usage : 

Q zz — -1 aerodynamic damiPi np; of the aim lane in roll 
2V 

' 2V 2V ' 2V 
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ANALYSIS 

Equations of Motion 

The general equations of lateral notion with ailerons 
free, co\:pling the rolling motion of the airplane with 
the yawing and sideslipping raotions and with the movements 
of the ailerons following a small disturbance, are as 
f ollowr;: 



m(v + Vii/) - p ^ - jZ^mg = 0 
op 



Z o\l/ 



6:1 



5(3 
6P 



- vi r 



6^ 



I 6L 



6p 



6v 
M - 



- 5 



dL 
65 



5^ = 0 



- 5 



65 



6l = 0 



65 



(1) 
(2) 

(3) 



5 ^ + ^ M - 0 (I4.) 

65 d'zf 



where the dot over a quantity denotes its derivative with 
resoect to time. 



For small angles of sideslip, v = pV. 



Dividing 



equation (1) by qS, equations (2) and (3) by qSb, equa- 
tion (ii) by qc b„ , and introducing the nondimensional 
operator D = yields the following nondimensional 



d 



equati ons: 



= 0 



- 0 
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5=0 
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If solutions are assumed to have the form Co , 

the exponent must satisfy the stability equation fn D 

obtained bv setting the determinant composed of the 
coefficients of p, D*^, and 5 equal to zero. In 
the general case described by equations ( ) , the stability 
equation is of the sixth degree in \ and the six roots 
may indicate motions composed of as many as three oscil- 
latory components. By means of simplifying assiomptions 
lustlfled by the examination of numerical ex.imples, the 
stability equation will eventually bo reduced to a cubic. 



Preliminary/ Calculations 

It is first proposed to simplify the analysis by 
neglecting the counljng between the rolling motion and 
the yawing and sideslipping motions* In order to test 
the validity of such a treat.ment, two sets of calculritions 
have been made for a specif ic case, one set including 
the cross-coupling, and one set consido^^ing onl:/ the 
rolling ap.d aileron motions. 

N ume r i c a 1 v a 1 1 ;e s ass ume d . - The airplane character- 
istics assumed are given' in table I* A lift coefficient 
of 1.0 was chosen to magnify any differences between the 
tv/o results. The stability deri^vatives wore obtained, 
with tne exception of Ct /. f rom table I of reference 5. 
Tho value of Cjp v/as tuifen from rofe-^^ence 1|, ' on the 
assum.ption of a 2:1 tapered wing of aspect ratio 6. The " 
mass charactei'is tics are Intended to be representative 
of a conventional pursuit-type airplane. 

The aileron characteristics assixmed are for 15- 
percent-chord ailerons covering the outer Lj.0 percent of 
the wing span. Tho values of tiie derivatives are listed 
in table II. The ailerons were assitmed to be mass- 
balanced; consequently, ^ - 0. 'fiie mom.ent of inertia of 
the ailerons v/as also taken ev^.u.al to zero. (The validity 
of a comparison made on the basis of zero moment of inertia 
will be chocked in a subsequent section.) The hinge-moment 
parameters and Oh. were retained as the principal 

variables. ^ ^ 

N ature of the motions^ four degrees of freedom • - 
The composition of the motions, as indicated by the roots 
of the stability equation for various com.binations of 
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Gj^ and , is described in figure 2. With and 

£ equal to zero, the stability equation for this figure 
is a quintic and there are, therefore, five roots to be 
accounted for. It is possible to consider separately 
one real root; this root passes through zero along a line 
designated in figure 2 as the spiral divergence boundary. 
In the region around the positive C, -axis the remaining 

four roots form two complex pairs, indicating that the 
motions have two oscillatory components. Along the 
long-dashed curve one oscillation disintegrates into two 
aperiodic modes, divergent or convergent accordingly as 
the oscillations are stable or unstable; at all values 
of and C, outside this curve the motion is 

a o 

composed of one oscillatory mode, which is alm„ost always 
stable, and three nonosclll atory components. Inside the 
curve, the two oscillator^' comiponents are stable so long 
as is negative. As Ct_ becom.es positive, in- 

stability sets in, as indicated by the oscillatory sta- 
bility boundary* In general, only one mode becomes 
unstable; the same oscillation breaks dov/n into two 
aperiodic modes at a slightly larger value of '^y^^* 

In a small region (A3 in figure, d) defined by the inter- 
section of the two branches of the boundary, both modes 
are unstable. This detail and others occurring outside 
the stable region, or near the boundary, are not con-^' : 
aldered of any oractical imoortance: they are n'vncAO.-ed in 
order to ansvv:>r questions that •:li^,hc othirwlGo br; juggosted 
by insp'S^ot'ion of the fi,[,vre « 

"?ate of divergence, four degrees of frc-edom . - In as - 
much as figure 2 indicates that the motions will be un- 
stable for m.ost com.binations of values of and C, ^ 

it seem.s advisable first to exainine the nature of the 
divergent instability, i.cn xpi>f^arr' ^il'iost vi:. voidable • 
The condition for neutral staoiiity (zero root) is that 
the constant term of the stability aquation vanish; that 
is, 
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The rate of d?.vergence for the unstable values of Cy. 

a 

and Cy.^^ (for the specif lo case to v/hich fig. 2 

pertains) is Indicated by the lines of equal roots in fig- 
ure 3. Although these lines appear to go through the 
origin, each has its intercept at a positive value of 
Cv, proportional to the value of the root. For small 
^5 

values of the root, however, the interceoted distance is 
negligible, and the loci may be considered lines of con- 

stant floating ratio — SL. Figure 5 shows that the 

divergence over nost of the range of negative C^. is 

5 

very slov^. This divergence is, in fact, the so-called 
"spiral instability'* that is generally anticipated by 
airplane designers. In the fourth quadrant, however, a 
sudden raoid increase in the rate of divergence is ob- 
served, which corresponds to a change of sign in the 
coefficient of X in the stability equation. rrom the 
practical point of view the floating ratio at which this 
sudden increase occurs locates the significant "divergence 
boundary." A line tlirough this region and the oscilla- 
tory stability boundary may therefore be considered the 
comolete boundary for stability of the airplane with 
all four degrees of freedom. 

Equations for two de,crees of freedom^- The Infor- 



ma 1 1 on obtained from calculations neglect.' ng the y awi ng 
and sideslioping motions will nov^ be considered. The 
equations of motion si-^plified to include only coupling 
between rolling and aileron motion are as follows 
( nondimensional forni): 



(21 D - n - (r D -f r - 0 



> (6) 
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and the stability equation is 



- 2C. T - c 



■X. In r ^ n 



0 



(7) 



N ature of the iTiotlons, two degree 53 
the case defined b y "TaTnrerri~ah 1 IT, the 
described in figure The stability 

cubic, and there is again one real root 
zero at the diverg;enco boundary. The 
roots form a complex pair, indlcatin,: 
mode, inside the region defined by the 
Outside this region all three roots are 
oscillations oc^ur. The oscillations 



of freedom . - For 
motions are as 
equation is a 



at a sm^all posit] ve value of G 



pendent of the value of 



h ' 



whl 



which becomes 
remaining tvvo 
n oscillator-y 
long-dashed curve 

real and no 
become unstable 
ch is almost inde- 



■'h 



a 



C om.o arisen o f r e suit 
freedom;, - The results 



two and 



tested for agreemxent 



fou r de gr ees of 

oT the tv/o com^jifTations can now be 
Comparison of figures 2, 5, and h 
suggests that the effective divergence boundary of the 
cross-coupled motions (shown by the dotted line in fig. 2) 
miay be assumed to coincide with the true divergence 
boundary in the simolified case. Thus, where the simnli 
fled analysis indicates a change from stability to in-^ 
stability, there is actually a sudden transition from a 
slow divergence to a rapid one. The com.parison miay be 
extended into the first quadrant of the chart s^ Here 
the divergence boundary appears, in the m.ore exact 
analysis, as a branch of the boundary between dam.oed and 
undamped oscillations (line OA, fig. 2). The oscilla- 
tions are, however, on the point of breaking down into 
aperiodic modes and the instability would in practice 
be indistinguishable from uniform divergence/ In ac- 
cordance with these observations the line of zero roots 
obtained from the slm.plified analysis will be termed ' 
the "divergence boundary," with the understanding that 
such a designation Is strictly true only when the cross- 
coupling is negligible. 
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Further oonp arisen of figures 2 and li shows that 
the oscillatory stability boundary of the simplified 
treatment, although shifted slightly by the introduction 
of the additional degrees of freedom, is so little altered 
that it also may be retained as part of the stability 
boundary. Moreover, the position of the line enclosing 
the oscillatory region remains essentially unchanged and 
still indicates the values of the hinge moments at which 
one oscillation breaks down. It m.ay therefore be con- 
cluded that, except for the presence everywhere of an 
additional mode of oscillation to be discussed subsequently, 
the broad aspects of the solution for the more complex 
case may be deduced from the results of the sim.plified 
analysis. 

Comparison of the roots at a number of points 'shov;s 
that the results of the two calculations are in close 
quantitative agreem.ent, also, with regard to the oscilla- 
tory mode common to both analyses. Thus, both the 
period and the dam.ping of the oscillations of one mode 
can be obtained from the results of the simplified 
analysis . 

The oscillations of the second mode have bohh 
damping and period virtually independent of the hinge 
mom^ents of the ailerons. In the case chosen for 
illustration the period is of the order of JO semispans, 
or, if the span is IiO feet and the wing loading I;.0 pounds 

^ per square foot, about seconds, t-nroughout the range 

of Gy^ with Oy^ negative; the m.otion damps to half 
a 5 

amplitude in the course of one oscillation. Because 
the aileron characteristics are not involved and because 
of the magnitudes of the period and damiping, this m-ode 
appears to be the normal lateral oscillation of the 
airplane with controls fixed and as such is treated 
elsewhere in the literature. For the asswied airplane 
this m.ode does not becom.e unstable anyw^here within the 
region indicated as stable by the sim.pl if led analysis. 

Effect of aileron moment o f inertia on cross- 
coupling . - It seems desirable to" check the foregoing 
conclusion against results obtained with the mioment of 
inertia of the aileron s;^stemi retained in the equations. 
For this purpose, the roots of the stability equations 
have been calculated at Cv, = 0.1^;; and -0.02, 



-0.1, -0.2, and -O.5, with = 0.025. With four 

degrees of freedom, the stability equation has six roots. 
Of these, one root inr-lcates the spiral xmode and, in the 
unstable region, has the saF^e values as are given by 
figure 3 the case ivith zero moment of inertia, A 

second real root cor^:-e spends to the real root of the 
simplified equation. The four remaining roots form, 
in general, two oscillatory pairs. These roots are 
comoared v;ith those of the simiplified equation in the 
foil o^'^' ing t abl e : 



"5 


Two degrees 
of freedom. 


T''our degrees of freedom, 
= 0.025 


0.02 
-.1 
-.2 
-.5 


-0.00^7 t 0.191 
-1.0I4.5 ± .3U51 
-1.077 ± 1.6621 
-1.086 t 2.i86i 


-O.OOUU ± 0.221 
-1.055 ± .8511 
-1.081 ± l.boiii 
-1.085 + 2.1891 


-O.O2l.16 ± 0.1 lOi 
-.0258 ± .1991 
-.O2I1.5 ± .1991 
-.O2I1I ± .IQOi 



^'^t '^h.^ ~ 0.02, \";here the periods are of the sam.e order of 
5 

m.agnitude, the effect of t>ie cross-coupling is seen. Else- 
V'here the period and dam.ping in both calculations agree 
within 1 percent. It appears reasonable to conclude 
that the statements of the preceding section hold in spite 
of the omission of the aileron moment of Inertia from the 
calculations. 

Sim.pl if led Analysis 

Using the reduced form of the stability equation 
m.akes it possible to investigate the effects on the 
stability of the airplane of varying the aileron char- 
acteristics, and even to give certain general formulas. 
Because most modern airplanes are designed with ailerons 
com^pletely m.ass balanced, these form.ulas may be still 
further sim.pliflud by assuming ^ equal to zero. 

Aileron-f r -^G oscillations .- The oscillations as-, 
sociated with freeing the aileron controls can now be 
investigated in m.ore detail. If a pair of roots is 
assti-ned in the form \ = -atni, a relation can 

be derived giving the frequency n in terms of the coef- 
ficients of X. in equation (7). This relation is too 
lengthy to be presented in its general form.; however, 
calculations have been made from it and the results will 
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be shown in the fox'^r: of lines of equal period P = Zrr/n 
on the stability cK-.^rts. 

The damping of the oscillations is more readily 
Co expressible than is the period, particularly if a fixed 

•V value of the frequency is assumed. P'oreover, calcula- 
tions of the damping for zero frequency aiid for the 
highest frequency likely to be encountered in practice 
showed that the expression could be still further simpli- 
fied by omitting the terms containing the frequency and 
(since these terms apparently canceled each other) 

a 

v/ithout any appreciable loss in accuracy. Thus, with 
£ equal to zero, the damping a is, to a good approxi- 
mation, the sm.aller root of the quadratic 



^h 



D5 



a + 



Ili t 



(5) 



a> 



which is independent of 0-n . 

At the stability bo^andary, the damning a is zero, 
and, therefore, 

Ch. = ^ ^ (9) 

approximately . 

The more accurate expression for this boundary is 

obtained by setting Routh's discriminant equal to zero. 

The result is a linear relation between Cv. and Cv, ; 

. , ^ „ o 
that IS, 

^hA ^ — T + To). 

Cv, C. Ty + 2C7 l^Iy + r c I 
D5 -'5 " ^o ^Da 



Gy^ (10) 
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Figure k, however, shov;s the variation v'ith C^^ to be 
actually quite small. ^ 

S tick- force criterion , - The divergence boundary is 
obtained Dy setting thfe constant term of the stability 
equation equal to zero; then, 




(11) 



This condition for neutral stability is identical 
with the equation for zero slope of the hinge-moment 



curve: 



'h dD^ 



" ^h,^ ^ ~ Ch^v = 0 (12) 



d6 ^^5 d5 

and is therefore also identified with the condition for 
zero stick force in pure roll or in a rapid rolling 
maneuver. Inasmuch as the stick force per unit deflec- 
tion of the ailerons is oroportional to lines of 

do 

constant stick force are obtained by replacing the zero 
in equation (12) by appropriate constants. The rolling 

effectiveness, - ^ oer unit aileron deflection, 

do 2V * 
is independent of the hinge moments; the equation for con- 
stant stick force therefore results in a family of 
straight tines parallel to the divergence boundary of 
equation (11) and the criterion for light stick force for 
given aileron dimensions and effectiveness is the close- 
ness with which that boundary is approached. A com- 
parison of one aileron with another, hovjever, shows that 
the stick force will also be proportional to the value 

of c.^b... 

CI a 

Method of investigating the effect of friction . - 
V/hen the effect of fraction in the control 8-,steir. is 
considered, it is necessary to distinguish between two 
types, viscous friction and solid friction. Viscous 
friction, which varies with the speed of the flap de- 
flection, is exactly equivalent to an increase in C^, , 

^D6 
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heretofore considered to be due only to the aerodynamic 
damping of the ailerons. Solid friction acts in a more 
comple:?c v^-ay but m.ay be approximated by an equivalent 
viscous damping, the amount varying inversely with the 
am;plitude of the deflection. (A more detailed dis- 
cussion of this aporoximation is given in reference 7*) 
Thus, in the course of a dam.ped oscillation, for example, 
the apparent Cy> increases and the question of the 

D 6 

effeot of the friction reduces to the question of whether 
an increase in Cy^_ is stabilizing or destabilising. 



EXPLANATION OF CHARTS 



The stability charts (figs. 5 ^) intended 
both as illustrations of the application of the pre- 
ceding formulas and as worlcing charts from which the 
behavior of a particular set of ailerons on a con- 
ventional airplane may be oredicted. If the analysis 
is to be applied to an airplane having stabilit7>^ char- 
acteristics that represent a considerable departure 
from_ those tabulated herein, it will probably be advisable 
to calculate the nature of the m.otions from the general 
formulas (equations (7), (8), (10), and (11)). 

Figures 5 to 9 show the oscillatory regions and 
lines of equal period in those regions, as well as the 
stability boundaries for aileron-free m.otion. (The 
damping of the oscillations is shown separately in fig. 10.) 
Figures 5^ 6, and 7 show the results for 15-percent-chord 
ailerons with three different mom.ents of inertia covering 
a wide range of values. In all other resoects the 
ailerons are those oreviously used as a basis for the 
preliminary calculations. The airplane characteristics 
are those given in table I. Figures 8 and 9 present 
stability regions for 50-percent-ohord ailerons of the 
same effectiveness C as the 15-p-rcent-chord ailerons 

of figures^5, 6, and 7. The span for the wider ailerons 
would be 28 percent of the wing span, as against 14.0 per- 
cent for the narrower ones. The other characteristics 
of the 30-percent-chord ailerons are listed in table II. 
Two values of I^ are presented for comparison. The 

airplane characteristics are not changed from those of 
table I. 
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Tn figures 5 to 9, the value used for the aerod;jmami c 
damoing of the aileron motion is the theoretical 

value for unbalanced flans (fl^. 1). The value of Cy^ 

D5 

actually varies v;ith the anount of Dalanco and is there- 
fore not constant for an/ one chart, i^.'^oreo ver , the 
variation depends oji the manner in which the balance is 
obtained. The variation is, however, slight in any 
case — less, foi- e.xainple, than the amount introduced by 
friction. (If balancing area is added ahead of the 
hinge, complete balance involves approximately 15 oercent 
reduction in from the theoretical value •) The 

variation of C>, w^ith C> and Cv , therefore, need 

not be incorporated into the charts. The effect of a 
change in Cv, miay be estimated by a comoarison of fit^:- 

ure 5 with figure 8, and of figure 6 with figure 9, inas- 
much as the princioal difference betv;een the calculations 
for the narrow- and wide-chord ailerons of the same 
effectiveness is an increase in C^^ 

D5 

Ihe relative magr.itudes of the stick forces for the 
narrow- and wide-chord ailerons are indicated by the 
spacing of the lines of equal stick force in figures ^ 
and 8. The hinge moments are expressed in these figures 
in term.s of the m.ean wing chord in order to m.ako possible 
a direct comparison of actual forces. As previously/ 
noted, all the lines are parallel to the line of zero 
stick force, that is, to the J Ivergence ' boundary . 

Figure 10 shows the distance required for the 

oscillations to damp to one-half amplitude. This 

distance is 0.6Q5/^* where a is given by equation (3). 

A single value of T^^ was selected, and the distance to 

damn to one-lialf amplitude was dI o tted. against Cu for 

ng 

several values of C>- • The figure, was designed 

prim.arily to serve as the basis for the discussion of 
the effect of friction and is, therefore, more 
general than the preceding charts. The damping, for 
1 5-?ercent-chord ailerons without friction is also shown, 
however^ fto be applied to lig. 6) and the damping for 
JO-percent-chord ailerons, - O.OZ^, (to be used with 

fig. 9) ^^-y he understood to coir.cide with the line for 



19 



= -0.2. The inclusion of lines for other values 

of would not affect the conclusions to be drawn 

from the figure. 

Tn figure 11 the stability boundaries are shown in 
the same form as in figures 5 to 9 for values of f 
varying from complete balance = 0) to a value"" rou^rialy 

corresponding to that for an aileron with center of gravity 
20 percent of its chord behind the hinge {I --0.6). 
Prom equation (7) it can be seen that g does not enter 
into the stick-force criterion. Routh»s discriminant, 
however, is derivable as an essentially linear relation 
between Cy. and I . Although the bo^undsries shown 

0 

are for = O.OI25, they are practically invariant 
with the mom.ent of inertia. The effects of increasing 
the damping of the ailerons or and of chan^ring 

'Do 

are substantially additive, neither change affecting 
the variation of critical C-^ with the other variable- 

0 

It may be generally concluded from figure 11, therefore, 
that the presen^^e of unbalanced mass behind the aileron 
hinge restricts the permisslbl.-. degree of aerodynamic 
balance . 



DISCTJSSION OP RSSIIT.TS 

Oscillatory ^'odes 

Oscillat ory r egions.- It may be seen from the figures 
that in all cases rolling oscillations (in addition to 
the normal lateral mode) will follow a disturbance if 
^h^ is small and C>^^ is positive. "Prom, figures 6 and 

9 it miay be concluded that the range of for which 

oscillations are possible increases with the width of 

the ailerons. As previously suggested, figures 0 and ^ 

may also be understood to indicate the increase in the 
e:?ctent of the oscillatory region with increased 

due to any other cause. 

Effect of T^ ." Comparison of figures 5, 6, and 7 
and of figures G and 9 shows that the moment of inertia 
of the ailerons introduces a second o'scillatory region. 
On further investigation, the oscillations in this 
region are found to be very rapid but well damoed. Both 
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damping anri period depend almost entirely on the tendency 
of the ailerons to resist deflection, as expressed by 
9 , and the moment of inei'tia 1,^ (See section 

entitled "Kffect. of aileron moment of inertia on cross- 
coupling" for values of the roots in thle region.) The 
mat Ion is therefore interpreted as a flapping m.ovemient 
of the alle-'ons uncoupled v;lth the motion of the airplane 
This mode is so v;ell damped (m.aximum distance to damp to 
half amplitude = O.oJ semi span n the range considered) 
as to be of no oractical importance and further discus- 
sion v;ill therefore be limited to the rolling oscilla- 
tions occurring in the neighborhood of Cv^^ ~ 0. 

Period of the aileron-free rol li ng oscillations o - 
The period of the rolling' osc Illations deoends to a large 
extent on the floating: tendency of fne ailerons. When 
Cv, ='-0.!!., for ex.am.ple, the period for narrow ailerons 

may be of the orde^ of 1^ semisp.^^ns, or, if the airplane 
is traveling at i.i.00 feet per second and has a iiO-foot 
v/ing span, three -(Quarters of a second. In the case of 
wider ailerons or of ailerons with sm.aller positive 
floating tendency, the period is considerably longer. 

Damping of Oscillations 

It is perhaps preferable to consider the period in 
conjunction with the damolng of the oscillations. The 
distance required for the oscillations to damp to half 
am.p 1 i t ud Q is s hov/n 1 n f i gur e 1 0 . App 1 i c a t i on off! g- 
ure 10 to the preceding figures indicates bhat, so long 
as C-^^ is negative, the motion dam;ps to half omplitud.e 

in a fraction of an oscillation. If the ratio C-k /C-u 

is in the neighborhood of O.5 or greater, the ratio of 
period to damioing distance is so large as to make the 
motion in effect a uniform subsidence. 

Effect of airplane characteristics .- It should be re 
m.embered that the preceding conclusions are based on com- 
putations for a particular airplane and are not 
quantitatively apolico.ble in general. If the ratio of 
damping in roll to moment of inertia in roll /l,. : 

is numierically greater tiian the v:r.lue of -O.a assum.ed 
for the exam:.ole, the dsm.ping of the oscillations will be 
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more rapid than is shown by figure 10. In addition, the 
boundary will be shifted to the right, with the amount of 
positive C].-.^ allowed increased proy^ortionat ely to the 

increase in O^yi^ (equation (9)). 

^lith the exception of the considerable effect of un- 
balanced mass, shown in figure 11, no factors other than 
those just discussed enter critically into the dairsplng 
or stability of the oscillatory mode. The effect of 
variations in floating tendency can be seen in figures 5 
to 9^ where lines of equal damping would be very nearly 
parallel to the oscillatory stability boundaries. The 
parameter , the aileron effectiveness, enters into 

the er.pression for the stability boiandary (equation (10)) 
in combination v/i th C-^ and has similarly little 

influence on it. (It may be noted here that the period 
of the oscillation is also affected by a change in 

^5 

in roughly the same way as by a oroportionate change in 
C. .] The moment of inertia of the ailerons apoears in 
^^a / 

equation (&) for the damping, acting to reduce the time 
required for damping to half amplitude. The effect of 
I^ on the position of the boundary (zero damiping) is, 

however, negligible, as may be seen by comparing fig- 
ures 5^ 6, and 7^ figures S and Q. 

Effect of Friction 

The effect of viscous friction in the control system, 
as has been noted, is m.erely to augm.ent the resistance to 
the aileron motion as exoressed by . The result 

may be seen in the charts for increased aileron chord 
(figs, S and 9)* Oscillations occur over a vrider range 
of Cv, than v^/ith a frictionless system^ Also f f rom 

fig. 10) the rate of damping is generally lov^^er, when 
Ci^^^ is negative, because of the phase lag between 5 

and Do; however, if is positive, the additional 

damping will retard the m:otion and extend the range of 
stable Oy^ . 

If solid friction is present, the effective value 
of will gradually increase as the oscillations 

D5 
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die do\vn — according to the approximate theory, approaching 
infinity as the axr^plitude approaches zero, but in actual 
practice causing the ailerons to stick at some small 
angle of deflection. V-.Tiile this change in effective 
Cj^ is taking place, the rate of damping v;ill slowly 
Do 

decrease or increase, accordinrcly as is negative 

or positive, and will approach the rate corresponding to 
the ailerons -fixed condition, as shown by figure 10. In 
no case will oscillations of increasing am^plitude occur 
because of the presence of friction if the ailerons are 
otherwise stable. ''Moreover, because the damping ap- 
proaches a finite (non-zero) rate, there is no riossi- 
bility of steady oscillations, such as occur in the 
i*ud.der-f ree condition (reference 7). 



CONCLUSIONS 



1. The stability of an airplane with ailerons free 
may be determ.inod to a very large extent v/ithout regard 
to the cross-coupling between the rolling motion and the 
yawing and sideslipping motions. Neglecting the yawing 
and sideslipping leads to a simplified analysis that 
does not predict the occurrence of spiral instability. 
The simxplified analysis does, however, predict the values 
of the hinge m.oments at which the instability becomes 
violent. Also, the simplified analysis will not include 
the normal lateral osciilation of the airplane with con- 
trols fixed, but the stability of this mode is not af- 
fected by freeing the ailerons and that pliase of the 
problem is outside the scope of the present investigatton. 

2. Divergence, or an unstable variation of the 
control force with aileron deflection, is the only form, 
of instability likely to occur in the case of mass- 
balanced ailerons with negative floating tendency, 
except for flutter, which is not considered in this 
analysis. The use of ailerons with considerable ten- 
dency to float against the wind, however, introduces 
the possibility of oscillatory motion with the ailerons 
free and, if the ailerons are aerodynBm.ically overbal- 
anced, of oscillatory instability. The unstable oscil- 
lations exist in addition to the normal rolling-yawing 
Oscillations Introduced by the dihedral angle 'and by 
the directional stability of the airplane. 
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5. As long as the restoring moment is not completely 
balanced out, the dam.ping of the aileron- free oscillations 
in a mass-balanced system is so g^^^t to make the os- 
cillations appear to be of no practical concern. The 
presence of unbalanced mass behind the hinge, however, 
restricts somewhat the permissible degree of aerodynamic 
balance. 

a. Comparison of the l^-percent-chord and 50-percent- 
chord ailerons shows that aerodynamic overbalance is per- 
missible, from, considerations of stabili ty, in the case of 
shorter, wider-chord ailerons if considerable positiver 
floating tendency is present. The permitted increase 
in aerodynamic balance is not enough, however, to offset 
the rapid increase in stick force v;ith aileron chord. 
On the other hand, the oscillations are of considerably 
lov/er frequenc;/ for wide ailerons than are >:hose that 
occur at the same stick force in the case of narrov/er 
ailerons • 

5. The presence of viscous friction in the control 
system has the same effect as increasing the aerodynamic 
damiping of the ailerons. '-i-he presence' of solid friction 
in an otherwise stable system has the effect of gradually 
increasing or decreasing the damping of the oscillations 
as their am.plitude decreases so as to cause the rate of 
dam.ping with ailerons free to approach the rate with 
ailerons fixed. Neither instability nor steady oscilla- 
tions v/ill result fromi the presence of friction. 

6. The stability of the control-free oscillations 
is virtually independent of the m.oment of inertia, 
floating tendency, or effectiveness of the ailerons. 

7. An airplane with a large ratio of dam.plng in 
roll to moment of inertia about the X-axis permits a 
closer degree of balance in the ailerons before oscil- 
latory instability is incurred and, v/ith ailerons free, 
such an airplane is generally more stable than one for 
which this ratio is small. 



Langley T'^em.orial Aeronautical Tjaboratory, 

National Advisory Comr-iittee for Aeronautics, 
Langley Field, Va. 
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TABLE I 

^ AIRPL-Al'TE CHARACTERISTICS 



Wing characteristic?: 

Taper ratio 2:1 

Aspect ratio, A *6 

Dihedral angle, A, degree o . ^ 5 

Lift curve sIodo.. C- li, 5 

Mas s cha re c t e r 1 s t i o : 

'■z ■ 1-5 

Str..bilit\' derlvativGSt 

^np 0.067 

-0.055 



On^^ -0.109 

-Z.p -0.0O8 

^Ip -0.450 

'^l^ « 0.250 

'^Yp • . • -O.kl 



TABLE II 



ATL2R0M CHARACTEPiTSTICS 



Deri v- 
ati ve 


Vy"^ 1 '^j.n r 1. 1 on 


TaluG 


1*;. -percent- j 
chord j 
ailerons 1 


JO-pei'cent- 
ch'^rd - 
ailerons 




"•-r.-^rr: figure l6 oT reference ^, 

v.'ith V. - y;^- oljtn.ined froir 

empirical curvo c firure \ 
herein 


-0 . .1. '_^c 


- .■' . 1 






-0.0 13 


-0.025 




f K e f e r e n o 6 , •) . 1 D 7 ) 


0 . 02L'. .- 


. '.,.'£111.0 




p - y Li 

(:-'eference 6, I':)?) 


0.002 


0.002 




"or frictionless system. (See 
fig. 1 for forr^iula.) 


-0. 110 


-0.220 




Considered negligible 




0 


Cn. 


"^r-^^TA an unpublished analysis 
correlating wind-tunnel and 
fli(d-:t-test data 


J . DC 


0.72 Oh 

a 






O.0C73 C^., 


0.0 073 c,. 
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Figure 2.- Character and stability of the components of the 
motions foiind by solution of the equations before the 
elimination of sideslipping and yawing. (Shading indicates 
the unstable region. ) Aileron chord, l5-percent airfoil 
chord; ^ = 0; la = 0; dihedral angle, 5^; Cl = l.O* 
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Figure 3.- Rate of divergence, as Indicated by the value 
of the positive real roots of the stability equation, 
Mleron chord, 15-percent airfoil chord; 4 = 0; I_ = 0; 
dihedral angle, • Cy = 1.0. 
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Figure 4*- Character and stability of the components of the 
motions with coupling only between aileron movements and 
rolling angle. Aileron chord, 15-percent airfoil chord; 
^ = 0; la = 0. 




Figure 5«- Stability boundaries, lines of equal period, and 
lines of equal stick farce for l5-percent-cliord ailerons. 
S = 0; la = 0. Period P Is In wing semlspans. 




Figure 6 
for 15' 
Period 



. - Stability boundaries and lines of equal period 
-percent-chord ailerons. J, = 0; la = 0.0125. 
P is in wing semispans. 
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Figure 7#- Stability boundaries and lines of equal period 
for 15-percent-cliord ailerons. ^ = 0; la = 0.025. 
Period P is in wing seinispans. 




Figure 8.- Stability boundaries, lines of equal period, and 
lines of equal stick force for 30-percent-cliord ailerons. 
J, = 0; Iq^ = 0. Period P is in wing semispans. 
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Figure 9.- Stability boundaries and lines of equal period 
for 30-percent-cliord ailerons. ^ = 0; 1^ = 
Period P is in wing semispans. 
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Figure 10.- Damping of the oscillations measured by the 
distance required to damp to half amplitude, in wing 
semispans, for ailerons with various values of Chps^ 

Mass-balanced ailerons, 1^ = 0,0125; Ci^/Ix = -0. 4# 
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Figure II*- Stability boundaries for l5-percent-chord 
ailerons, showing the effect of variation in the mass- 
moment parameter Ig^ = 0.0125; C^qo = -0.011. 



